An example of Kaluza-Klein-like theories leading after compactification
  to massless spinors coupled to a gauge field by Borstnik, N. S. Mankoc & Nielsen, H. B.
ar
X
iv
:h
ep
-th
/0
31
10
37
v4
  1
8 
M
ay
 2
00
5
An example of Kaluza-Klein-like theories leading after
compactification to massless spinors coupled to a gauge field
N. Mankocˇ Borsˇtnik1 and H. B. Nielsen2
1Department of Physics, University of Ljubljana, Jadranska 19, SI-1111 Ljubljana∗
2Department of Physics, Niels Bohr Institute,
Blegdamsvej 17, Copenhagen, DK-2100
(Dated: November 6, 2018)
Abstract
The genuine Kaluza-Klein-like theories (with no fields in addition to gravity with torsion) have
difficulties with the existence of massless spinors after the compactification of some of dimensions
of space[1]. We demonstrate in this letter on an example of a flat torus - as a compactified part of
an (1+5)-dimensional space - that for constant fields and appropriate boundary conditions there
exists in the 1 + 3 dimensional space a massless solution, which is mass protected and chirally
coupled with a Kaluza-Klein charge to the corresponding gauge field.
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Introduction: Genuine Kaluza-Klein-like theories, assuming nothing but a gravitational
field in d-dimensional space (no additional gauge or scalar fields), which after the sponta-
neous compactification of a (d−4)-dimensional part of space manifest in four dimensions as
all the known gauge fields including gravity, have difficulties[1] with masslessness of fermionic
fields at low energies. It looks namely very difficult to avoid after the compactification of a
part of space the appearance of representations of both handedness in this part of space and
consequently also in the (1+3)-dimensional space. Accordingly, the gauge fields can hardly
couple chirally in the (1+3) - dimensional space.
In more popular versions, in which one only uses the idea of extra dimensions but does not
use gravity fields themselves to make gauge fields, by just having gauge fields from outset,
the break of the parity symmetry in the compactified part of space is achieved, for instance,
by (an outset of) magnetic fields[2]. Since gravity does not violate parity, also typically not
in extra dimensions alone, it looks accordingly impossible to make the genuine Kaluza-Klein
gauge particles coupled chirally[1, 3]. The most popular string theories, on the other side,
have such an abundance of “fundamental“ (or rather separate string states) gauge fields,
that there is (absolutely) no need for the genuine Kaluza-Klein ones.
In an approach by one of us[4, 5] (which is offering also the mechanism for generating
families) it has long been the wish to obtain the gauge fields from only gravity, so that
”everything” would become gravity. This approach has taken the inspiration from looking
for unifying all the internal degrees of freedom, that is the spin and all the charges into only
spins. This approach is also a kind of the genuine Kaluza-Klein theory, suffering the same
problems, with the problem of getting chiral fermions included, unless we can solve them.
It is the purpose of this letter to demonstrate on an example of a torus-shaped compact-
ifying space (a flat M1+5 space with the SO(1, 5) symmetry compactifying into a flat M1+3
part of space with the SO(1, 3) and S1×S1 symmetry) that using a gravitational field with a
vielbein and a spin connection and a torsion on a torus and choosing appropriate boundary
conditions on a torus, we indeed get a genuine Kaluza-Klein originating gauge fields chirally
coupled to a masless and mass protected spinor!
We assume a real action for a free gravitational field, which is linear in the Riemann
scalar and in first order formulation. In a two dimensional compactified part of space, the
Euler-Lagrange equations of motion for a free gravitational field with zweibein and spin
connection fields give no conditions on the fields. It is the requirement that a covariant
2
derivative of vielbeins is zero, which relates spin connections, vielbeins and a torsion.
We allow the spin connection fields and consequently also the torsion fields to be complex.
The action for a spinor field, which interacts with a background gravitational field, is assumed
to be real. Consequently, the Lagrange density for a spinor field is real and the corresponding
Weyl equations of motion are Hermitean. It then follows that a spinor field ”sees” either only
a real part or only an imaginary part of components of the spin connection fields, depending
on the index of fields. On a two dimensional flat torus, the spinor ”sees” zweibein fields
as imaginary fields, while the spinor Lagrange density is not invariant under the gauge
transformations, generated by the spin generators.
We demonstrate that for any choice of fields the massless solutions of both handedness
exist with the same Kaluza-Klein charge. To assure mass protection mechanism, we make
a choice of boundary conditions, which distinguish between the two handedness. The corre-
sponding Weyl equations can then have massless solutions of only one handedness, they are
charged with a Kaluza-Klein charge and also chirally coupled to the corresponding Kaluza-
Klein U(1) gauge field, when such a gauge field is switched on in (1 + 3)−dimensional
”physical” space (as a background field). The Kaluza-Klein charge, which is proportional
to the expectation values of the momenta of massless spinors in the two extra dimensions,
are expressible with the spin connection fields and the corresponding operators.
Weyl spinors in gravitational fields with spin connections and vielbeins: We let a spinor
interact with a gravitational field through vielbeins fαa (inverted vielbeins to e
a
α with the
properties eaαf
α
b = δ
a
b, e
a
αf
β
a = δ
β
α ) and spin connection fields[11], namely ωabα, which
is the gauge field of Sab = i
4
(γaγb − γbγa). We choose the basic states in the space of spin
degrees of freedom to be eigen states of the Cartan sub algebra of the operators: S03, S12, S56.
The covariant momentum of a spinor is
p0a = pa −
1
2
Scdωcda, p0a = f
α
ap0α. (1)
The corresponding Hermitean Lagrange density L has for real vielbeins fαa a form L =
1
2
[(Eψ†γ0γap0aψ) + (Eψ
†γ0γap0aψ)
†]
L = ψ†γ0γa[E(pa −
1
2
ScdΩcda) +
i
2
(Efαa),α]ψ, (2)
with E = det(eaα), Ωcda =
1
2
(ωcda+(−)
cdaω∗cda), and with (−)
cda, which is −1, if two indices
are equal, and is 1 otherwise (if all three indices are different). In our case of 1 + 5 space,
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when two dimensions are compactified into S1 × S1 flat torus, and when the Lagrangean of
only the two compactified dimensions is concerned, (−)cda = −1. The expressions for spin
connection fields Ωabc demonstrate, that fields have either real or imaginary components. In
d = 2 case Ωabc is always pure imaginary. One should notice that the Lagrangean (2) is not
invariant under the gauge transformations of the type ψ′ = eiαcdS
cd
ψ, for a general αcd (for
the same reason some of Ωabc’s are imaginary).
Latin indices a, b, .., m, n, .., s, t, .. denote a tangent space (a flat index), while Greek
indices α, β, .., µ, ν, ..σ, τ.. denote an Einstein index (a curved index). Letters from the
beginning of both the alphabets indicate a general index (a, b, c, .. and α, β, γ, .. ), from the
middle of both the alphabets the observed dimensions 0, 1, 2, 3 (m,n, .. and µ, ν, ..), indices
from the bottom of the alphabets indicate the compactified dimensions (s, t, .. and σ, τ, ..).
The Lagrange density (2) leads to the Hermitean Weyl equation
γ0γaP0aψ = 0, P0a = E(f
α
apα −
1
2
ScdΩcda) + i(Ef
α
a),α. (3)
Taking now into account that γaγb = ηab − 2iSab, {γa, Sbc}− = i(η
abγc − ηacγb), one
easily finds that[12] γaP0aγ
bP0b = Ef
α
ap0αEf
βap0β +
1
2
SabE2ScdRabcd + S
abT αabP0α +
iSab 1
2
Efα[a(Ef
γ
b]),γ,α. We find Rabcd = f
α
[af
β
b](Ωcdβ,α + ΩceαΩ
e
dβ) and for the torsion:
T αab = Ef
α
[a{(Ef
β
b]),α + Ωcb]αEf
bc}.
The most general vielbein for d = 2 can be written by an appropriate parameterization
as
esσ = e
ϕ/2
(
cos φ sinφ
− sinφ cosφ
)
, fσs = e
−ϕ/2
(
cosφ − sinφ
sinφ cos φ
)
, (4)
with s = 5, 6 and σ = (5), (6) and gστ = e
ϕηστ , g
στ = e−ϕηστ , ηστ = diag(−1,−1) = η
στ . If
there is no dilatation (which means that the torus is flat) then E = 1.
If in the case of d = 2, the Einstein action for a free gravitational field S =
∫
ddx E R,
with R = fσ[sf τt] Ωstσ,τ is varied with respect to both, spin connections and vielbeins, the
corresponding equations of motion bring no conditions on any of these two types of fields,
so that any zweibein and any spin connection can be assumed. The only limitation on
zweibeins and spin connections might come from boundary conditions. If we require that
the total covariant derivative of a vielbein esσ is equal to zero
esτ ;σ = 0 = e
s
τ,σ + Ω
a
tσe
t
τ − Γ
τ ′
τσe
s
τ ′ , (5)
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the spin connections Ωstσ and vielbeins determine the quantity Γ
s
στ , whose anti symmetric
part is a torsion T sστ = Γ
s
στ − Γ
s
τσ, in agreement with the definition of the torsion above
(T sστ = e
s
[σ,τ ] + Ω
s
t[σe
t
τ ]). Accordingly, Eq.(5) can be for d = 2 understood as the defining
equation for T σττ ′, for any spin connection Ωstu and any zweibein. Because of these facts, the
Euler index
Euler index =
∫
ddx E R, (6)
with R = Rαβδγδ
δ
αg
βγ = ({αβγ},δ − {
α
βδ},γ)δ
δ
αg
βγ, is not in general equal to the Euler index
computed from Ωstt′ . These two R and R are independent[10].
Taking into account Eqs.(4,5) we find for the torsion Tσ := T
σ′
ττ ′ε
ττ ′gσ′σ the
expression[13]
Tσ = φ;σ + εσ
τ 1
2
ϕ,τ , with φ;σ = φ,σ − Ω
5
6σ, and T[σ,τ ] = −Ω
5
6[σ,τ ]. (7)
εσ
τ is the antisymmetric tensor.
Weyl spinors in M2: The Weyl spinor wave functions ψ, manifesting masslessness in the
(1 + 3) space, must in M2 obey the Weyl equations of motion (Eq.(3)).
The equations of motion for the massless spinors of the right (ψ+) and the left (ψ−)
handedness (Γ(2) = −2S56), S56ψ± = ±
1
2
ψ±, put into the background field with no dilatation
are as follows
γ0γ5{e2iφS
56
[(p0(5) − 2S
56φ,(5)) + 2iS
56(p0(6) − 2iS
56φ,(6))]}ψ± = 0, p0(σ) = pσ − S
56iωσ.(8)
We write Ω56σ = iωσ, with ω
∗
σ = ωσ. Requiring that vielbein fields fulfill the isometry
relations leads to φ,σ = 0 (φ,σ = 0 follows from δf
s
σ = 0, see discussions bellow). We then
have
{[p(5) +
1
2
ω(6)] + i[p(6) −
1
2
ω(5)]}ψ+ = 0,
{[p(5) +
1
2
ω(6)]− i[p(6) −
1
2
ω(5)]}ψ− = 0. (9)
Eqs.(9) demonstrate that what ever ωσ could be, there always exist solutions of the Weyl
equations of both handedness, which have the same pσψ (pσψ+ = pσψ−). Since pσ determine
the Kaluza-Klein charges of spinors ( see Eq.(17)), it means that massless spinors of both
handedness carry the same charge and that accordingly the masslessness of spinors is not
protected!
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For the choice: ω(5) =
1
pir
n0(6), ω(6) = −
1
pir
n0(5), which requires that components of the
field are proportional to integers, the solutions of the Weyl equations (9) have the form
ψ± = e
−in0σ xˆσψˆ±, (10)
where ψˆ± describe all the other degrees of freedom except the dependence on x
σ and xˆσ2pir =
xσ, while r stays for the two radii of the torus. The solutions obey periodic boundary
conditions.
To assure mass protection we must introduce boundary conditions which ”distinguish”
between spinors of the two handedness.
Boundaries, which allow spinors of only one handedness: We introduce the action with
boundaries:
S =
∫
d6xL+∫
d6xλψ†n(5)sn(6)t(ε
st − iγsγt)δ(x(5) − x
(5)
0 )δ(x
(6) − x
(6)
0 )ψ (11)
with n(5)s = (1, 0), n(6)s = (0, 1) and L from Eq.(2). One immediately sees that requiring the
continuity and differentiability of ψ, the action (11) leads to the solution, for which either ψ
must on the very point (x
(5)
0 , x
(6)
0 ) and accordingly all over the torus be zero or ψ must be right
handed. Accordingly, these boundary conditions allow only right handed solutions in d = 2
(< Γ(2) >=< 2S56 >= 1, < Γ(1+3) >=< 4iS03S12 >= −1, < Γ(56) >=< Γ(1+5) >= −1).
Then it follows for the right handed massless solution of Eq.(10), for our special choice of
ωσ =
1
pir
εσ
τn0τ , with ε(5)(6) = 1 and n
0
σ the two integers that
pσψ+ = −εστS
56ωτψ+. (12)
The right handed solution does not ”feel” the boundary term at all. (We could take as a
boundary a wall instead of one point along one coordinate, say along x(5) at x(6) = x
(6)
0 and
x
(6)
0 +2pir. Then translational symmetry in one direction (x
(6)’th) would be broken. For the
spin connection field ω(5) = 0, ω(6) = −
1
pir
n0(5) Eq.(12) would still be right. The boundary
term would now read
∫
d6xλψ†n(5)sn(6)t(ε
st− iγsγt)δ(x(6)−x
(6)
0 )ψ+
∫
d6xλ′ψ†n(5)sn(6)t(ε
st−
iγsγt)δ(x(6) − (x
(6)
0 + 2pir))ψ. Again spinors of only one handedness would live on such
a”torus”.)
We assume that ωσ ”see” no boundaries.
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Spinors coupled to gauge fields in M (1+3) × (S1 × S1): To study how do spinors couple
to the Kaluza-Klein gauge fields in the case of M (1+5), compactified to M (1+3) × (S1 × S1),
we first look for the appearance of pure gauge fields, when coordinate transformations of
the type x
′µ = xµ, x
′σ = xσ + ζσθ(xµ) are performed and δf sσ = 0 and δωσ = 0 is required.
Under general coordinate transformations fαa transform as vectors with an upper index
(δfαa = f
α
a,βδx
β+fβa(δx
α),β), while ω
ab
α transform as vectors with a lower index (δω
ab
α =
ωabα,βδx
β − ωabβ(δx
β),α). It then follows that ζ
σ is a constant, ωσ and also f
σ
s in (Eq.(4))
must be constants. This is in accordance with what we have assumed above for the spin
connection fields - namely that they are constant and even proportional to integers - and
for vielbeins fσs - whose derivative we put in Eq.(9) equal to zero. (These assumptions lead
to periodic massless spinor solutions on a torus.) Only constant spin connection fields and
vielbein fields in d = 2 fullfil the isometry requirements. We start with vielbeins emµ = δ
m
µ
(fµm = δ
µ
m) and e
s
σ(f
σ
s) from Eq.(4) with no dilatation.
Accordingly we find δfσm = δ
µ
mζ
σθ,µ, δf
µ
s = 0, δf
σ
s = 0. Replacing pure gauge fields
with true fields to which these pure gauge transformations should belong, we find for a new
vielbein
eaα =
(
δmµ e
m
σ
0 = esµ e
s
σ
)
, fαa =
(
δµm f
σ
m
0 = fµs f
σ
s
)
, with fσm = ζ
σAµδ
µ
m (13)
and new spin connection fields
ω56µ = −ζ
σAµiωσ and iωσ. (14)
Here Aµ is the U(1) gauge field, which depends only on x
µ. All the other components of
spin connection fields are zero, since for simplicity we allow no gravity in (1+3) dimensional
space. The corresponding T αβγ transforms as a third rank tensor.
To determine the current, coupled to the Kaluza-Klein gauge fields Aµ, we analyze the
spinor action
S =
∫
ddxEψ¯γaP0aψ =
∫
ddxEψ¯γmδµmpµψ +
∫
ddxEψ¯γsfσsP0σψ +
+
∫
ddxEψ¯γm{fσm(pσ − S
56iωσ)− δ
µ
mS
56ω56µ}ψ. (15)
ψ defined in d = (1 + 5) dimensional space has the spin part defined in the whole internal
space. E is for fαβ from Eq.(13) equal to 1. The first term on the right hand side is
the kinetic term ( together with the fourth term represents the contribution of the covariant
7
derivative p0µ), while the second contributes zero for massless solutions. Taking into account
Eq.(13) and the expression for ω56µ we end up with only the term
∫
ddxψ¯γmfσmpσψ as a
current term.
Since Aµ does not depend on x
σ, the current in (1 + 3)-dimensional space is for massless
spinors then defined by
Aµδmµ
∫
dx(5)dx(6)ψ†γ0γmζσpσψ = −A
µδmµ
∫
dx(5)dx(6)ψ†γ0γmζσΓ(2)S56εσ
τωτψ, (16)
For massless spinors studied above, which solve the Weyl equations of motion (with the
boundary included, since massless spinors of one of the handedness do not even ”feel” the
boundaries), the Kaluza-Klein charges are equal to
Q± = ζσ < ±|pσ|± >= ζ
σ < ±| − Γ(2)S56εσ
τωτ |± >, (17)
where < ±||± > means that the integration over the two coordinates and the corresponding
spin degree of freedom is performed for spinors of the two handedness ψ±. Due to our bound-
ary conditions, which allow only right handed solutions only Q+ = ζσ < +| −S56εσ
τωτ |+ >
is the solution.
Gauge symmetries of action: We must check gauge symmetries of our action, with the
boundary conditions included. We see that the Lagrange density (Eq.(11)) is not invariant
under gauge transformations induced by ψ′+ = e
iλS56ψ, although the boundary term itself
is invariant. The reason is that γ0γs, s = 5, 6, anticommute and not commute with S56.
The boundary conditions allow the isometry symmetry all over the torus, except in one only
point.
Conclusions: We start with a Weyl spinor of only one handedness in a space M1+5, and
suggest that the compactified space is a S1 × S1 flat Riemann space torus with vielbeins,
spin connection fields and torsion fields. We assume a ”wall” in one point, which, under the
assumption of the continuity and differentiability of solutions of the equations of motion,
makes a choice of spinors of only one handedness in this very point and all over the torus.
We pay attention that spinors manifest in (1 + 3) ”physical” space i) the masslessness, ii)
the masslessness protected, iii) chirally coupling to a Kaluza-Klein gauge field, iv) through
a quantized (real, nonzero) Kaluza-Klein gauge charge.
To be massless in (1 + 3) space, spinors must obey the Weyl equation on a torus:
γ0γsfσsP0σψ = 0, s = {5, 6}, σ = {(5), (6)}.
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The requirement that the background gauge fields must obey the isometry relations,
makes the vielbein fields and spin connection fields on a torus constants. To have massless
spinors on a torus, the solutions of the corresponding Weyl equations must obey the periodic
boundary conditions. This happens, if spin connection fields are proportional to integers.
But since the Lagrange density for spinors, and consequently the corresponding Weyl equa-
tions, are not invariant under the local gauge transformations, induced by S56, a constant
spin connection field, ”seen” by spinors, can not be gauged away.
For any choice of spin connection fields, there exist always massless solutions of both
handedness with the same charge. This fact spoils the massless protection mechanism. To
rescue the masslessnes, we use boundary conditions, which ”distinguish” among spinors of
different handedness, allowing spinors of only one handedness.
Consequently massless spinors are mass protected and chirally coupled to the Kaluza-
Klein gauge fields. The massless spinors demonstrate in (d = 1 + 3) space a charge, which
is expressible with the two component spin connection field ω56σ, proportional to integers.
The ”real” case, with a spin in d−dimensional space, which should manifest in (1+3)-
dimensional ”physical” space as the spin and all the known charges, needs, of course, more
than two compactified dimensions. All the relations are then much more complex. But some
properties will remain, like: Spinors with only a spin in 1 + (d − 1)-dimensional space will
manifest in 1+(q−1)-dimensional space the masslessness, together with the mass protection,
if a kind of boundary conditions in a compactified (d− q)− dimensional space (in addition
to spontaneus compactification of some dimensions, which makes then the Weyl equations
in this compactified space to give zero on the solutions of our interest), make possible the
existence of spinors of only one handedness.
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